Abstract. For a collection of convex bodies P1, . . . , Pn ⊂ R d containing the origin, a Minkowski complex is given by those subsets whose Minkowski sum does not contain a fixed basepoint. Every simplicial complex can be realized as a Minkowski complex and for convex bodies on the real line, this recovers the class of threshold complexes. The purpose of this note is the study of the convex threshold dimension of a complex, that is, the smallest dimension in which it can be realized as a Minkowski complex. In particular, we show that the convex threshold dimension can be arbitrarily large. This is related to work of Chvátal and Hammer (1977) regarding forbidden subgraphs of threshold graphs. We also show that convexity is crucial this context.
A simplicial complex ∆ on vertices [n] := {1, . . . , n} is a threshold complex if there are real numbers λ 1 , . . . , λ n , µ ∈ R with 0 ≤ λ i ≤ µ for all i = 1, . . . , n such that for any σ ⊆ [n]
σ ∈ ∆ if and only if i∈σ λ i < µ.
Threshold complexes (or hypergraphs) where proposed by Golumbic [4] as a higher-dimensional generalization of the threshold graphs of Chvátal and Hammer [2] ; see also [9] . If we assume that 0 ≤ λ 1 ≤ · · · ≤ λ n ≤ µ, then for any i ∈ σ ∈ ∆ and j < i, we have (σ \ i) ∪ j ∈ ∆. Hence, threshold complexes are shifted in the sense of Kalai [6] and topologically wedges of (not necessarily equidimensional) spheres. See [7] and [3] for more information regarding the combinatorics and topology of threshold and shifted complexes.
The purpose of this note is to investigate a generalization of threshold complexes inspired by convex geometry. For that, let P = (P 1 , . . . , P n ) be an ordered family of convex bodies in R d each containing the origin and let µ ∈ R d be a point. The Minkowski complex associated to P and µ is the simplicial complex ∆(P; µ) given by the simplices σ ⊆ [n] with σ ∈ ∆(P; µ) if and only if µ / ∈ P σ := i∈σ P i .
Here, i∈σ P i = { i∈σ p i : p i ∈ P i } is the Minkowski sum (or vector sum) and we set P ∅ := {0}. By setting P i := {t ∈ R : 0 ≤ t ≤ λ i }, it follows that threshold complexes are Minkowski complexes. For the case that each P i ⊂ R d is an axis-parallel box, these simplicial complexes have been studied by Pakianathan and Winfree [8] under the name of quota complexes. We may also replace a convex body P i by a suitable convex polytope and we will tacitly do this henceforth.
Our motivation for studying Minkowski complexes comes from mixed Ehrhart theory. For a set S ⊂ R d , let us define the discrete volume E(S) := |S ∩ Z d |. The discrete mixed volume of lattice polytopes P 1 , . . . , P n ⊂ R d is defined as
It was shown in [5] (see also [1] ) that, like its continuous counterpart the mixed volume, the discrete mixed volume satisfies 0 ≤ CME(Q 1 , . . . , Q n ) ≤ CME(P 1 , . . . , P n )
for lattice polytopes Q i ⊆ P i for i = 1, . . . , n. Since CME is invariant under lattice translations, we may assume that 0 ∈ P i for all i. This allows us to express the discrete mixed volume as follows:
whereχ denotes the reduced Euler characteristic.
Proof. Since all polytopes P i contain the origin, it follows that P I ⊆ P J for I ⊆ J. Let us write
for the characteristic function of P I and define F :
The result now follows from the observation that Proposition 2. For any simplicial complex ∆ ⊆ 2 [n] there are polytopes P = (P 1 , . . . , P n ) and µ in some R D such that ∆ = ∆(P; µ).
Proof. Let σ 1 , . . . , σ D be the facets of ∆. For 1 ≤ i ≤ n and 1 ≤ j ≤ D we set t ij := 1 if i ∈ σ j and t ij := |σ j | + 1 otherwise. For 1 ≤ i ≤ n define
Observe that µ / ∈ i∈σ j P i for all j and thus ∆ ⊆ ∆(P; µ). Conversely, if τ ∈ ∆, then for any j there is an i with i ∈ τ \ σ j . This implies µ ∈ P τ .
As a measure of complexity, define the convex threshold dimension ctd(∆) of a simplicial complex ∆ ⊆ 2 [n] as smallest dimension d in which ∆ can be realized as a Minkowski complex. This is exactly the minimum over dim P 1 +· · ·+P n over all (P, µ) for which ∆ = ∆(P; µ). Thus, the empty complex is the unique complex of convex threshold dimension 0 while ctd(∆) = 1 if and only if ∆ is a threshold complex. Proposition 2 shows that the convex threshold dimension is finite for every simplicial complex. In the remainder we will show that ctd(∆) can be arbitrarily large and hence is a proper measure of the complexity of ∆.
In [2] it was shown that threshold graphs are characterized by the three forbidden induced subgraphs given in Figure 1 . The following result shows that these graphs are key to increasing For the proof of Theorem 3, we first note the following two helpful facts about Minkowski complexes.
Lemma 5. Let ∆ = ∆(P; µ) be a Minkowski complex for P 1 , . . . , P n ⊂ R d . Let σ, τ ∈ ∆ be faces such that σ ∪ τ ∈ ∆. For any line through µ, then the restrictions of P σ and P τ to are on the same side of µ.
Proof. Since σ ∪ τ ∈ ∆ the convex set P σ∪τ = P σ + P τ does not contain µ. By assumption on P, we have P σ ∪ P τ ⊆ P σ∪τ from which the claim follows.
Lemma 6. Let ∆ = ∆(P; µ) be a Minkowski complex for a collection of polytopes P in R d . Suppose that there is a line through µ that does not intersect any P σ for σ ∈ ∆, then ctd(∆) < d.
Proof. Denote by π : R d → ⊥ ∼ = R d−1 the orthogonal projection along the line . Let π(P) = (π(P 1 ), . . . , π(P n )). For σ ∈ ∆ the set P σ avoids and thus π(µ) / ∈ π(P σ ). This shows that σ ∈ ∆(π(P); π(µ)). Conversely σ ∈ ∆(π(P); π(µ)) implies that the line = π −1 (µ) does not intersect P σ and thus σ ∈ ∆(P; µ). The claim now follows from dim π(P 1 )+· · ·+π(P n ) < d.
Proof of Theorem 3. Suppose that ctd(∆ * Γ) = d and fix a realization ∆(P; µ) with P a collection of polytopes in R d . Denote the two edges of Γ that induce one of the graphs in Figure 1 by e and f and let e and f be two disjoint (diagonal) nonedges. Then µ ∈ P e ∩ P f . Since e ∪ f = e ∪ f we have 2µ ∈ P e + P f = P e + P f . Thus, there is a vector v ∈ R d \ {0} with µ − v ∈ P e and µ + v ∈ P f . The line connecting µ − v and µ + v goes through µ. The convex sets P e and P f intersect on different sides of µ.
The line must also intersect P σ for some face σ ∈ ∆ by Lemma 6. Since σ ∪ e, σ ∪ f ∈ ∆ * Γ, the sets P σ and P e as well as P σ and P f intersect on the same side of µ by Lemma 5. This is a contradiction.
It would be very interesting if complexes of convex threshold dimension d can be characterized in terms of the number of distinct copies of the forbidden subgraphs.
As a last thought, let us emphasize that convexity played a crucial role in our considerations. For that, observe that the definition of Minkowski complex ∆(X ; µ) makes sense for collections X = (X 1 , . . . , X n ) of arbitrary sets in R d that contain the origin. Proposition 7. Let ∆ be a simplicial complex. Then there is a collection X = (X 1 , . . . , X n ) of discrete sets in R such that ∆ = ∆(X ; µ) for some µ ∈ R. In particular, there is a collection X of contractible sets in R 2 realizing ∆ as a Minkowski complex.
Proof. Let (P; µ) be a realization of ∆ by convex sets in some R d . For any τ ∈ ∆, choose y τ i ∈ P i such that µ = y τ 1 + · · · + y τ n . Then Y i := {0} ∪ {y τ i : τ ∈ ∆} yields a realization of ∆ by discrete sets in R d . The argument in the proof of Lemma 6 applies unless d = 1 and proves the first claim. The second claim simply follows from the fact that we may connect the points x i ∈ X i \ {0} by internally disjoint arcs properly contained in the upper half-plane to 0.
